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Abstract In this paper, we find projective plane models of the modular curves Xo(N)
by constructing maps from Xo (V) to the projective plane using modular forms. We
use eta-quotients of weight 12. We find those eta-quotients in M, (IH(N)) which have
maximal order of vanishing at infinity.
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1 Introduction

Let I'H(N) be the congruence subgroup

TH(N) = {y € SLy(Z):y = (; :) (mod N)} .

This group acts on the extended complex upper half plane H* = HU Q U {oo}, with
H = {z € C: Jz > 0}, by linear fractional transformations

az+b ab
)/.Z=m, Yy = (C d) GF()(N).
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1. Kodrnja

The quotient space of this group action is called a modular curve, and we denote it by
Xo(N) ie.,

Xo(N) = Ip(N) \ H".

The set Xo(N) can be endowed with a complex structure and it is a compact Riemann
surface. It is of interest in number theory to embed this Riemann surface into the
projective or affine space and find its defining equations. The curve that is an image
of such an embedding is called a model of the modular curve Xo(N).

The field of rational functions over C of Xo(N) is generated by j and j(N-). The
minimal polynomial of j (N-) over C() is called the classical modular polynomial and
it gives the canonical plane model for Xo(N), [14]. However, this polynomial is hard
to compute and has enormous coefficients so it is not of practical use. There are few
methods for finding different models for the modular curve Xo(N), [5,10,11,15,16].
One method uses the canonical embedding of Riemann surfaces in the projective space,
[5]. Using the connection of modular forms on IH(/N) (or in general on any Fuchsian
group of the first kind) with the differentials on Xo(N), G. Mui¢ has searched for
models of X (N) by constructing maps into the projective space using modular forms
of arbitrary weight, [10,11]. We use this method to construct models of Xo(N) into
the projective plane P2, as in [11], using eta-quotients.

There are always two eta-quotients that are modular forms of weight 12 for I (V)
for every N: Ramanujan delta function A and its rescaling Ay = A(N-). We search
for a third function so that the map in the projective plane defined with these three
modular forms is a birational equivalence.

In [4] it is proved that the unique normalized modular form of weight 12 for IH(N)
with maximal order of vanishing at the cusps oo is an eta-quotient when the genus of
I'H(N) equals zero. In Sect. 4 we generalize this claim and find those numbers N for
which the unique normalized modular form of weight 12 for IH(N) whose only zero
occurs at infinity is an eta-quotient.

Theorem 1 The unique normalized modular form of weight 12 for I'y(N) which only
vanishes at infinity is an eta-quotient if and only if N belongs to one of the sets S1, Sa,
or S3 defined by

Si={p":pe{2.357.13},n=1},
ny np

52: {p] p2 -Pl € {27355}71726{37537713}7 Pl #PZs p1p2 <407 ”]»VZZE 1}7
S3={p|'Py’py :p1=2.p2€ (3.5}, p3€(5.7. 13}, p2+ p3 < 17,n1,na.n3 > 1.},

where p1, pa, and p3 are mutually distinct primes.

In Sect. 4, in (14),(16),(18) we give the precise form of these eta-quotients which
we denote by Ay 12.

Using functions Ay 12, A, and Ay, we construct a map from Xo(N) to the projec-
tive plane P?, namely

a; = (An,12(2) © A(2) : A(Nz2)) ey
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Eta-quotients and embeddings...

and prove that in some cases this map is a birational equivalence. We believe that this
map is birational equivalence in all cases and have some numerical results that support
this claim but have not proved it yet.

Theorem 2 Assume one of the following:

(1) N € 81 and An 12 is defined as in (14),
(i1) N has the form 2"3™, 2"5™ 2"13™ or 3"5™ and Ay 12 is defined as in (16),
(iii)) N =2"3"27" forny, na,n3 > 1 and Ay 12 is defined as in (18).

The modular curve Xo(N) is birationally equivalent to the curve
C(An,12, A, Ay) S P2,

which has degree equal to

dim Mip(Io(N) +g(To(N)) =2=N [] d+1/p)—1.

pIN
p prime

We give a table of some equations for the curves C(Ay 12, A, Ay).

2 Preliminaries
The group I'H(N) is a modular group, i.e., a subgroup of
I'(1) = SLy(Z)

of finite index which is equal to the value of the Dedekind Psi function

() : Fo(N)]=N]—[(1+1/p) =¥ (N). 2
PIN

The group I'H(N) has ZO<d|N ¢((d, N/d)) cusps. As a set of representatives of
inequivalent cusps we can take the set

Cy = [ f—l - dIN, (a,d) = 1,a € (Z/kZ)* for k = (d, N/d)} . 3)

There are @ ((d, N /d)) cusps with denominator d, for each divisor d of N. There
are always two cusps for I(N), for every N: one cusps with denominator 1 which
we denote o and one cusp with denominator N which we denote as cusp co.

The Dedekind eta-function is defined by the infinite product

o0
1 .
n@)=q7[[1—-¢"). zeH g¢=q@) ="

n=1
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1. Kodrnja

An eta-quotient of level N is a finite product of the form

f@=[[n67, rsez

SIN

Every eta-quotient is a holomorphic function of the upper half plane with no zeroes
on the upper half plane.
The most famous example is the Ramanujan delta function,

0]

AR =n@* =) t(ng",

n=1
which is a cusp form of weight 12 on I"(1). Let us denote
An(z) := A(N2z).
We have
A, Ay € Mip(IH(N)), forall N,

so there are always two eta-quotients of weight 12 on IH(N).

Eta-quotients have some beautiful properties. They have integral Fourier expansions
at the cusp oo, using their modular transformation properties, we can calculate their
Fourier expansions at other cusps (see [6]).

Ligozat in [7], Proposition 3.2.8 proved the formula for the order of vanishing of
an eta-quotient at the cusps with denominator d:

N < (8, d)%rs A
24 £~ (N,d?)s’ @
8IN
Using modular transformation properties of the Dedekind eta-function, see [1],
Theorem 3.4, we can deduce the modular transformation properties of eta-quotients.
This result in various forms can be found in [13], Theorem 1.64, [7], Proposition 3.2.1,
or [12] Theorem 1.
For a divisor § of N, we denote by 8’ the number 8’8 = N.

Theorem 3 If
(1) Y 8rs =0 (mod 24),

2) S‘X[:V(S/r(g =0 (mod 24),

3) :]_I[V 8" is a square of a rational number,
N

then 8]‘_[ n(82)" is a weakly holomorphic modular form on I'y(N) of weight
N

k= % DosTs.

@ Springer



Eta-quotients and embeddings...

If we require that

) év_4 3 E?\}djigg > 0, for all divisors d of N,
S|N ’

then [ n(82)" is a modular form on I'y(N) of weight k = % Y o575
S§|IN

The conditions (4) in Theorem 3 can be written in matrix form. Let

to— NS, d)? s
N <<N,d2>6)d,a ©

with d, 6 running over the divisors of N. This is a square matrix of size og(N), where
09(N) is the number of positive divisors of N. This matrix is called the order matrix,
[3]. If we write the exponents rs of an eta-quotient [ | SIN n(8z)" as a column vector
in increasing order

r = (r5)s,

then the condition (4) states that the entries of the vector A yr are non-negative.
The matrix Ay is invertible over QQ for every N and if the prime factorisation of N
isN = pq” ... py*, then the matrix Ay is the Kronecker product, see [2], Proposition

1.41,
A=A @@ ©

3 Maps X¢(N) — P? via modular forms

Let us describe the construction of a map from the modular curve to the projective
plane.

Let k > 2 be an even integer such that dim My (IH(N)) > 3. For our purposes, we
assume that £ is even but it can also be an odd number greater than 3.

Let f,g,h € My(IH(N)) be three linearly independent modular forms. Let us
denote by a; the image of z € H under the canonical projection H — Xo(N).

We construct the holomorphic map ¢ : Xo(N) — P? which is uniquely determined
by

p(az) = (f(2) : g(2) : h(z)), (N

with a; in the complement of the finite set of I'H(N)-orbits of common zeros of f, g,
and h.

Every compact Riemann surface can be observed as a smooth irreducible projective
curve over C, and functions g/f and h/f are rational functions on X¢(N). Thus, the
map ¢ is actually a rational map

a; = (1:g(2)/f(2) : h(z)/f(2)).
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1. Kodrnja

Since Xo(N) is smooth, the map is regular and the image is an irreducible curve in
IP2. The image is not constant because the functions f, g, and / are linearly indepen-
dent.

The image of the map (7) is, in most cases, a singular, projective plane curve, which
we denote by

C(f. g h).
The field of rational functions of the curve C(f, g, h), denoted by C(C(f, g, h)), is

isomorphic to a subfield of C(Xo(N)), the field of rational functions of the modular
curve Xo(N). By definition, the degree of the map ¢, which will be denoted by

d(f, g, h),

is equal to the degree of the field extension

d(f, g h) =[C(Xo(N)) : C(C(f. g, )]

For a meromorphic function f on a Riemann surface X, we can define its divisor
of poles by

divee(f) = Y (—va(f) -a,

acX
va(f)<0

where v, (f) denotes the order of the function f at the point a € X. This is a positive

divisor on X. As for every divisor on a compact Riemann surface, we define its degree
by

deg(divoo(£)) = Y _ dives(f)(@).

aeX

There is a simple criterion for the map ¢ to be of degree, 1 i.e., to be a birational
equivalence. It can be found in [16], Lemma 1 or [11], Lemma 5-2.

Lemma 1 The degree d(f, g, h) of the map (7) divides the numbers

deg(divoo(g/f)) and  deg(divoo(h/f)). ®)

A sufficient condition for the map ¢ to be a birational equivalence is that these numbers
are relatively prime,

ged(deg(divao(g/ 1)), deg(divao (h/f))) = 1. &)

Let us define the divisor of a modular form and its degree.
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Let f € M(Io(N)), f # 0. For each a € Xo(N), we can define the order of
vanishing vq(f) of f at a. This number can be rational when a is an elliptic point,
otherwise it is integral.

We define the divisor of f as

div(f)= Y va(f)-a.

aeXo(N)

Its degree is

deg(div(/) = D walf).

aeXo(N)

The degree of the divisor of a modular form in My ({H(N)) equals

k
deg(div(f)) = k(g(Io(N)) — 1) + 3 Voo (I0(N)) + Z (1-1/eq) |,
aeXo(N), elliptic

where g(Ip(N)) is the genus of Xo(N); voo(IH(N)) is the number of inequivalent
cusps; and ey is the index of ramification at an elliptic point a, as can be found in [8],
Theorem 2.3.3.

By subtracting the possible non-integer parts of contributions at elliptic points, we
obtain an integral divisor D s attached to the modular form f € My (IH(N)), defined
by

Dy= Y [v@]-a,

aeXo(N)

where [x] denotes the largest integer < x, and it has the following degree (see [9],
Lemma 4-1 or [8], Thm. 2.5.2)

deg Dy = dim My (I5(N)) + g(Io(N)) — 1. (10)

For more details on divisors of modular forms and attached integral divisors, we
refer to [9, Sect. 4] and [8, Sect. 2.3].
The formula for the genus of Xy (N) satisfies (see [8, Theorem 4.2.11])

[C(): N1 (N vs((N)  veo(TH(N))
12 4 3 2 ’

gUb(N)) =1+

where v;(I'H(V)) stands for the number of inequivalent elliptic points of order j, for
j = 2, 3, and the formula for the dimension of M7 (I'H(N)) ( see [8, Theorem 2.5.2])
is

dim M12(I5(N)) = 11(g(IH(N)) — 1) + 3va(I5(N)) + 4v3(TH(N)) + 6vee (TH(N)).
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1. Kodrnja

A simple computation yields the formula
dim M12(I5(N)) + g(To(N)) — 1 =[I"(1) : TH(N)]. (1D

The following formula, which we now state for the case of the modular group
I'H(N), is proved in [11, Corollary 3.7].

Theorem 4 Assume k > 2 is an even integer such that dim My (I'h(N)) > 3. Let
f, 8. h € Mi(Ih(N)) be linearly independent and ¢ the map in (7). Then:

d(f, 8. h)degC(f, g, h) =dim Mp(Io(N)) + g(To(N)) — 1
— Y. min(Dy(a), Dg(a), Dy(a),  (12)

aeXo(N)

where degC(f, g, h) is the degree of the plane curve C(f, g, h) (the degree of its
defining polynomial) and Dy, Dg, and Dy, are the integral divisors attached to the
modular forms f, g, and h.

If we compute the degree of the curve C(f, g, /), which can be done by computation

with the Fourier coefficients of f, g, and & (a method that can only be performed for
small values of N), using the formula (12) we can calculate the degree of the map.

4 Eta-quotients of weight 12 and models of X¢(N)

Let us denote by Ay, 12 the unique eta-quotient

Ay @) = [n62)",

SIN

which is a modular form in M12({H(N)) and only vanishes at the infinity cusp of
IH(N).

For which N such function exists? We first will look at three cases, depending on
the number of prime factors of N.

In the first case, when N = p" with p a prime number, we define a set

Si={p":pef2,3,5713},n>1}. (13)
For N = p" € Sy, let us look at the following eta-quotient:

nzypr 24
Fr(o) = 227 i = 22 (14)
n(p"='z)" p—1
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Now we check that these functions are modular forms and compute their order of
vanishing at infinity by checking the conditions of Theorem 3. We have

Y drs==p" Tl p"Q4+1) = p" N (p = Dr +24p) =24(p + Hp" .
S|N

Order of Fiy atthe cuspoois 1/24 > s érs = (p+ 1) p"~! and we see that this function
has maximal order at the cusp oo by the valence theorem since the index of IH(p”) in

I'(1) equals (p + 1)p"~!. The other conditions are also satisfied (orders at all other
cusps must be equal to zero):

24
E 8rs =—pr+24+r= —1(1 — p) + 24 = 0 (order at the cusp o equals 0)
p—
SIN

1_[ 87 = prn=D pnQ@a=r) — =2rndr24n ¢ square of an integer because r is even
SIN

Zr5=—r+24+r=2.12.
S|IN

We check the coqditions (4) of Theorem 3 to see that this function is a modular
form. First, if d = p' withi < n, we have

3 6. d)’rs _ (" p))? 24p ("7 p1)? 24

0 pr p—1 prt p—1
24 o
= ——— (" - p") =0,
pip—1

and in the case d = p" we have

5 6.d)*rs _ (p".p")?* 24p  (p"7'. p")?* —24

T pr op—1 pt o p—1
_ 24 2n 2(n—1)
S P

24
=— PP -1 =0,
p—1

since p > 2. We conclude that Fy € M>(Io(p™)), and so

Fy =An 12

for N € S;.
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1. Kodrnja

In the second case N = pi” pgz, i.e., N has two distinct prime factors. Let

Sy ={p]'py? :p1 €{2,3,5}, pp €{3,5.7, 13},

(15)
pi # p2, pip2 <40, ny,ny > 1}
and
ni—1 ny— r ny N2 _\pipar
Iz
Gr(z) = n(p, le ) n(p plz 2) (16)
n(py' Py’ 2P n(py T pyia)P
for N € S, with
. 24
(p1—=D(p2 =1
We check the conditions of the Theorem 3:
Y ors=p{' T ph (L4 pips — pi - p3)
SIN
24
ni—1_no—1
=p, Py —————Pi1+DpPi—Dp2+D(p2—1)
LT (=D - D
=24p1" " T (pr + D2 + 1.
Order at the cusp oo equals 1/24 ) s 8rs = p?l ! nz 1(p1 + D(p2+1) Wthh is
the maximal order of the zero by the valence theorem since the index of Ip( pl p2 2)
is p;” ! Pyt l(p] + 1)(p2 + 1). Order at all other cusps must be equal to zero. The
remammg condmons are
Y 8'rs = pipar + pipar — pipar — pipar =0,
5N
Y rs=r(l+pipr—p1—p2) =24,
SN
[167 = ip2) ps " pi 7"
SN
Pt ot
=p/' Py
We have pi, p2» € {2,3,5,7, 13}, so the numbers and are even, and we

see that [ ] 8" is a square of a rational number.
8IN
We omit the calculations for conditions (4) but they can be easily checked.
Thus we proved that Gy € Mi2(Io(p|' py*).

Gy =An12
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for N € S, and has a zero of maximal order at the cusp oco.
In the third case, for N = p'' p5? p3?® with three distinct prime factors, we define a
set

Ss={pl'Py2pPy P =2,p2€{3,5,p3€({5, 7,13}, p2+p3 <17, n1,na,n3 > 1, }, (17)

where pi1, p2, and p3 are mutually distinct prime numbers. Furthermore, we look at
the following eta-quotient:

N} Py p T Pl T p e P (o ! ”‘Z)”*’n(p'f'pSZPS”Z)””’“" (18)
(ot PR P T (ol R T P (ol ph T P s (p T pl? ply 2y

Hy(z) =

for N € S3, with

_ 24
(g =D(p2—D(pz— 1)’

We check the conditions of Theorem 3.

1
> ors = pi T T R T i+ p3+ p3+ i AP — 1= pip3—pipi— papd)
S8|N

= 24p1" 7 py2 T P (pr + D(p2 4+ D(ps + 1.
Order at the cusp oo equals the index of the subgroup I'h(p|'p3*p5*) so this

function has zero of maximal order of vanishing at the cusp co. Let us check the other
conditions:

Za’m =0,
S|N

Y s =r(p1+pa+ps+ pipaps — | — pipa — paps — pip3) = 24,

SIN
[187 = (2p)”" (p1p3)™ (p1p2)"" (p1p2p3) " p3 "7 py PP py P20
SIN
e e =y
pll’l pzpz p3p3 )
We have p1, p2, p3 € {2,3,5,7, 13}, sothenumbers 41, p22 l,and 1) are even.

It follows that [] 8" is a square of a rational number. Slmple computatlon shows that
8IN
Hy also satisfies the conditions (4) of Theorem 3.
We have proved that Hy € M12(1p( p1 p2 p33)) and has maximal order of van-
ishing at the infinity, Hy = Ay 12.
Now we prove that these are the only cases when that unique modular form with
maximal order of vanishing at infinity is an eta-quotient.
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1. Kodrnja

Theorem 5 The unique normalized modular form f(z) of weight 12 for I'y(N) which
vanishes only at the infinity cusp is an eta-quotient if and only if N belongs to one of
the sets S1, S, or S3 defined above and f(z) is equal to the corresponding function
Fn(2), Gn(2), or Hy(2).

Proof Let]] s|v 1(82)" be an eta-quotient of weight 12 for Iy (V) which only vanishes

at infinity. This means that order at all other cusps must be equal to zero, and the order

at infinity, whose value is given by the left hand-side of the first expression in Theorem

3isequal to [I'(1) : TH(N)] = W(N), see (2). To determine this eta-quotient is to

find the exponents rs. To write these conditions in more computable manner, we will

write the exponents as a column vector r = (rs)s and use the order matrix Ay, (5).
We have the following matrix equation:

.
ANr=(o,...,o,24.p71‘1...pgs—l(pl+1)...(ps+1)) ,

i.e., vector r is the product

A’l(O 0,24-p" =l s lp 4 1) ( +1)T (19)
N IRERER P Dy P1 Ds .

For a prime number p, matrix A, is a square matrix of size (n + 1) x (n + 1),
where the element in i-th row and j-th column is given by

Apn(i,j) — pn7j+2min{i,j}fmin{n,2i}’ O < l,] < n,

and its inverse is given by

D, — ifi=j=0o0ri=j=mn,
n-1, 2 B By A ifli—jl=1,
p (P 1) Apn (i, ]) - pmln{j—l,n—j—l}(pZ +1), if0<i= J <n,
0, otherwise.

Let N = p'f‘ ...DP$, p1 < p2 < --- < ps be the prime factorization of N. The
matrix A;l is the Kronecker product of inverses of matrices A lis See (6). The last
i

column of A;,l has 2° elements different from 0. First non-zero entry is
(=1)*24
—1 i1
Py T (=D (0 )

and from (19) we get the equation

(=1)%24
F np—1 ng—1 = .
A T = D (py = D)

The condition rmet s € Z implies s < 4.
e
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When s = 1, from (19) we have equations

FL=Tp = =TI =0,
—24
rpn—l == F,
24p
rpn = —p—l

The condition rpn-1 € Z implies p =2,3,5,7,13,1.e., N € §;.

For s = 2 we have equations

rpiquo, fori <n—1lorj<m-—1,

24
L P T TR
Fpn=lgm = —qX,
Fpign=1 = —PX,
rpnqm = pqx

The condition r,n-1,m-1 € Z implies that N must belong to S».

For s = 3 we have

r,,iqj,k:O, fori <n—1lorj<m—1lork<l[l—1,

R (R I

Ppngm=tp=1 = —DPX, Tpn-lgmp-1 = —qX, Tpn-1gm-1,0 = —IX,
Ppn—tgmpl = qrX, Fpngm—i = PrX, Fpngmd—-1 = pgx,
Fpngmpl = —Pgrx.

From the condition 7,1

pi—1gn-1,1-1 € Z we have the following possible values

(p.q.r)=102,3,5),2,3,7),(2,3,13),(2,5,7)

so N must belong to S3. The theorem is proved. O

Now we use these functions to construct maps Xo(N) — P2. The divisor of the
function Ay 12 from Theorem 5 with respect to the group IH(N) is

div(An,12) =[I'(1) : [H(N)]aso = N l_[(l +1/p)ac. (20)
pPIN

The divisors of functions A, Ay with respect to (V) are given by [11], Lemma 4-2
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1. Kodrnja

. N
div(A) = Z Wﬂ%,

L'/dGCN
. d
div(Ay) = Z AN (21)
c/deCy ’

We look at the map Xo(N) — P2 given by (1).
a; = (An.12(2) t A(z) 1 A(N2)).

Theorem 6 Assume one of the following:

(1) N € 81 and Ay 12 is the function in (14),
(i1) N has the form 2"3™, 2"5™ 2"13™ or 3"5™ and Ay 12 is the function in (16),
(i) N =2M3MT7" forny, na, n3 > 1 and Ay 12 is the function in (18).

Then the modular curve Xo(N) is birationally equivalent to the curve
C(An,12, A, Ay) S P2,
which has degree equal to
dim M12(Io(N)) + gIo(N)) —2=¥(N) — 1.

Proof We will look at these three cases separately although the argument is the same.
To prove birational equivalence we use Lemma 1.

Case (i): From (20) and (21) we have

: A _ n—1
deg [ diveo =p" (p+1) -1
Aanz

A on
deg <divC>o ( P )) =p" ' p+1-p =p".
Ap",lZ

Non-trivial divisors of the second number do not divide the first if n > 1 so
these two numbers are relatively prime forn > 1.

From Lemma 1 it follows that the map is a birational equivalence. Since
min(Da(a), Day 1,(a), Day(a)) =0
fora € Xo(N) \ {oo} and
min(D(00), Day 1,(00), Day(00)) =1,
from the formula (12) we can calculate the degree of the image curve and it equals

dim M2 (IH(N)) + g(Ip(N)) — 1 — 1. Formula (11) implies this number equals
P"lp+1D -1
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Case (ii): From (20) and (21) it follows that

A
deg (divoo ( )) =p"'¢" " p+ D@+ -1
AN 12

. Ay 1
deg (dlvoo (A >> =p" " N+ D@+ 1D - pg)
N,12
=p"lg" N (p+q+ D).

These numbers are relatively prime if numbers (p+¢ + 1) and p" ¢ (p+ 1) (g +
1) — 1 are relatively prime. We check all possible cases:

— Let N =2"3".Then2+ 3+ 1 = 6 and 2 and 3 are prime divisors of 6. But these
two numbers do not divide 2"~ . 3m~1.3.4 — 1.

— Let N =2"5" . Then 2+ 54 1 = 8 has one prime divisor 2 which does not divide
an=lsm=1.3.6—1.

— Let N =2"13".Then 2 + 13 + 1 = 16 has one prime divisor 2 which does not
divide 21 13m=1.3. 14 — 1.

— Let N = 3"5".Then 3+ 541 = 9 has one prime divisor 3 which does not divide
3n=losm=l.4.6-1.

From Lemma 1 we have birational equivalence of Xo(N) and C(An 12, A, An).

Case (iii): From (20) and (21) we have

A
deg <divoo< >> =m~lgm—lg=l.3.4.8 1,
AN 12

A
deg <divoo< N >> —pm—lgm=ly=l(3 4.8 _2.3.7),
AN, 12

— 2n1—13n2—17n3—1 . 54.

Prime divisors of deg (divoo ( A?VN )) belong to the set {2, 3, 7}. None of the numbers

12
from this set divides the number deg (divOO ﬁ . These numbers are relatively

prime, so by Lemma 1 we conclude that the map defined by functions Ay 12, A, and
Ap is birational equivalence. The theorem is proved. O

It is our conjecture that the map
az > (An,12(2) 1 A(2) : An(2))

is birational equivalence for all functions Ay 12 from Theorem 5 but the argument
with divisors of poles is satisfied only in the mentioned cases. In other cases, divisors
of poles of functions used are not relatively prime.

As an example, for N = 237! = 56 we have

d <d' ( - )) 95
c 1V = s
& “\ Aso 12
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1. Kodrnja

Table 1 Equations for curves C(Ay 12, A, Ay) from Theorem 6

N=2 X0X1 — x%

N x%xl — x%’

N =4 xgxl2 + 4096x8x1x2 + 48x(2)x1x% - xg

N xéxl — xg

N=17 x8x1 — xz

N=9 x§xd +531441x8 32 x; + 28242953648 1x5x ) x3 + 27894275208x] x1 x5
—756x8x7x3 + 975725676x5x1 x5 + 14171760x3x1 x5
+74358x8x1xg + 72x8x1x5 — x%l

N =13 xéle —x213

. Ase
deg | diveo = 40.
Asg 12

However, we have developed an algorithm that calculates the degree of the resulting
curve and with the aid of formula (12) we calculated that in this case the degree of the
map equals 1.

At the end, we present some equations for the curves C(Ay, 12, A, Ay) in Table 1:
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